Introduction
This paper shows how to solve and estimate a continuous-time dynamic stochastic general equilibrium (DSGE) model with jumps. It also shows that a continuous-time formulation can make it simpler (relative to its discrete-time version) to compute and estimate the deep parameters using the likelihood function when non-linearities and/or non-normalities are considered. We readopt formulating stochastic models in continuous time (in the tradition of Merton 1975 , Eaton 1981 , Cox et al. 1985 , because for reasonable specifications and parametric restrictions, these models can be solved in closed form.
1 Given the closed-form solution, we compute the likelihood function which then is evaluated for estimation. We illustrate the technique by solving and estimating the stochastic AK and the neoclassical growth models. We highlight two results. First, our Monte Carlo experiments demonstrate that non-normalities can be detected for this class of models. Second, we provide strong empirical evidence of non-normalities in the form of jumps in aggregate US data.
In the field of macroeconometrics, DSGE models have become very successful tools for capturing the main features of business cycle fluctuations. One caveat of the traditional discrete-time formulation is that dynamic general equilibrium models are difficult to solve.
It has become popular in macroeconomics to use higher-order approximation schemes to circumvent problems induced by linearizations (Schmitt-Grohé and Uribe 2004). However, most DSGE models in the traditional formulation do not imply a likelihood function that can be evaluated, which makes them even harder to estimate even under small departures from the linear and Gaussian assumptions. Fernández-Villaverde, Rubio-Ramírez and Santos (2006) show that small approximation errors in the solution of the model can have sizable effects on the parameter estimates. Hence the literature is making a huge effort to compute and estimate models with non-linearities and/or non-normalities. These have turned out to be important features of the business cycle for the US economy (Fernández-Villaverde and
Pr(X ∆ ≤ x|Q ∆ = n, S ∆ = k; θ) × Pr(Q ∆ = n, S ∆ = k; θ).
Observe that the conditional distribution is Pr(X ∆ ≤ x|Q ∆ = n, S ∆ = k; θ) = Φ (x − (µ − 1 2
where Φ is the Normal cumulative distribution function with mean zero and variance ∆.
Moreover, the probability of k successful jumps is Pr(Q ∆ = n, S ∆ = k; θ) = Pr (S ∆ = k|Q ∆ = n; θ) × Pr (Q ∆ = n; θ)
Inserting both results in (3), we obtain the cumulative distribution function of X ∆ as
where ω ≡ (µ− 1 2 η 2 )∆+ν s k−ν d (n−k). Applying Leibnitz' rule, it follows that the probability density function of X ∆ is
It shows that the distribution is a mixture density. Intuitively, three components are involved, (a) the density of the normal distribution, augmented by (b) terms of the Poisson distribution and (c) terms of the Binomial distribution. Similar formulas used for maximum likelihood estimation are contained in Press (1967) , Lo (1988) and Aït-Sahalia (2004) .
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Maximum likelihood estimation
Because the process X ∆ in (1) has the Markov property, and because that property carries over to any discrete subsample from the continuous-time path, the average log-likelihood function over N observations has the form
where θ denotes the parameter vector that maximizes N (θ). Owing to difficulties that arise as a result of the complexity of the infinite series representation, the maximum likelihood (ML) approach does not yield explicit estimators for this problem (Press 1967) .
We obtain the parameter estimates via numerical evaluation of the log-likelihood in (7).
Asymptotic standard errors are based on the outer-product estimate of Fisher's information matrix,Ĵ ≡ N −1 N i=1 {h(x, ∆;θ)}{h(x, ∆;θ)} , for h(x, ∆;θ) ≡ ∂ ln{p X (x, ∆; θ)}/∂θ| θ=θ . By the central limit theorem (Hamilton 1994 , Aït-Sahalia 2004 , the distribution of the ML estimate,θ, for sufficiently large sample size N is approximately N (θ 0 , ∆N −1 J −1 ).
Using the closed-form density in (6), we can apply standard techniques to test for jumps.
Hence, denotingθ as the unrestricted ML estimate, andθ as the estimate satisfying the restriction H 0 : λ = 0, asymptotically we obtain (Sørensen 1991 , Hamilton 1994 
where r denotes the effective number of restrictions. In case of four effective restrictions, if the test statistic in (8) exceeds 9.49 (7.78), we can reject the null hypothesis of no jumps (H 0 : λ = 0) at the 5% (10%) significance level.
Inferring jumps from large realized observables
In this section, we illustrate how to assign 'probabilities' of occurred jumps to observables.
These empirical probabilities could then be used to identify jumps in the data: Given an observation of magnitude x, what is the likelihood that such a change involves a jump?
Applying Bayes' rule to compute the probability of one success given the realization x,
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Pr(Q ∆ = 1, S ∆ = 1|X ∆ ≥ x; θ) = Pr(Q ∆ = 1, S ∆ = 1, X ∆ ≥ x; θ) Pr(X ∆ ≥ x; θ) = (1 − Pr(X ∆ ≤ x|Q ∆ = 1, S ∆ = 1; θ)) × Pr(Q ∆ = 1, S ∆ = 1; θ) 1 − Pr(X ∆ ≤ x; θ)
where the probability of one success is Pr(Q ∆ = 1, S ∆ = 1; θ) = qe −λ∆ λ∆. Similarly, one obtains the probability of one disaster, or two or more jumps given the realization x.
3 The macroeconomic theory
Below we solve continuous-time DSGE models (Merton 1975 , Eaton 1981 , Cox et al. 1985 .
The main advantage of this formulation is that we can use Itô's formula to easily work with functions of Brownian motions and Poisson processes. Moreover, for many cases we can solve the model by hand and obtain closed-form expressions for the likelihood function.
The model
Production possibilities. At any time, the economy has some amounts of capital, labor, and knowledge, and these are combined to produce output. The production function is a constant returns to scale technology subject to regularity conditions (see Chang 1988),
where K t is the aggregate capital stock, L is the constant population size, and A t is the stock of knowledge or total factor productivity (TFP), which in turn is driven by a standard Brownian motion B t and a standard Poisson process N t with arrival rate λ,
In this formulation µ(A t ) and η(A t ) are generic functions satisfying regularity conditions specified below. The jump size is assumed to be proportional to its value an instant before
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the jump, A t− , ensuring that A t does not jump negative. The independent random variable J t has constant mean ν and variance γ and specifies the jump size distribution.
The capital stock increases if gross investment I t exceeds capital depreciation, δK t , dK t = (I t − δK t )dt.
Preferences. The economy is populated by a large number of infinitely-lived identical individuals, each sufficiently small to neglect effects on aggregate variables. Each individual supplies one unit of labor when labor is productive. The representative consumer maximizes expected life-time utility from the integral of instantaneous utility u = u(c t ) enjoyed from consumption c t , discounted at the rate of time preference ρ,
subject to da t = ((r t − δ)a t + w t − c t )dt.
a t ≡ K t /L denotes individual wealth, r t is the rental rate of capital, and w t is labor income.
The paths of factor rewards are taken as given by the representative consumer.
Equilibrium properties. In equilibrium, factors of production are rewarded with value marginal products, r t = Y K and w t = Y L , and the goods market is cleared Y t = C t + I t .
Applying Itô's formula (e.g. Protter 2004 , Sennewald 2007 , the technology in (9) together with (11) and the market clearing condition implies that output evolves according to
It describes a stochastic differential equation (SDE), more precisely a jump-diffusion process which, for solving, demands more information about the behavior of households, C t = Lc t .
Obtaining the solution
Solving the model requires the aggregate capital accumulation constraint (11), the goods market equilibrium, equilibrium factor rewards of perfectly competitive firms, and the first-7
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order condition for consumption. It is a system of differential equations determining, given initial conditions, the paths of K t , Y t , r t , w t and C t , respectively.
Define the value of the optimal program as V (a 0 , A 0 ) = max {ct} ∞ t=0 U 0 s.t. (13) and (10),
denoting the present value of expected utility along the optimal program. It can be shown that the first-order condition for the problem is (cf. Appendix A.1)
for any t ∈ [0, ∞). The condition (16) makes consumption a function of the state variables, c t = c(a t , A t ), or equivalently, C t = C(K t , A t ), and the maximized Bellman equation reads ρV (a t , A t ) = u(c(a t , A t )) + ((r t − δ)a t + w t − c(a t , A t ))V a + V A µ(A t ) + 1 2
where r t = r(a t , A t ) and w t = w(a t , A t ) follow from the firm's optimization problem.
The (implicit) solution to the dynamic general equilibrium model is the value function which satisfies both the first-order condition (16) and the maximized Bellman equation (17), subject to appropriate boundary conditions. We use a verification theorem which requires the existence of an optimal control and the existence of a well behaved indirect utility function for the Bellman equation (Chang 1988 , Sennewald 2007 . In practice, one makes a guess of the value function and derives the conditions under which this candidate is the solution to the control problem (as shown in Appendix A.2, A.3 and A.4) . Using the first-order condition, the resulting function V (a t , A t ) then implies the policy function, c t = c(a t , A t ).
Estimation strategies
In principle, the choice of the model specification should not interfere with our objective to detect jumps in macro data. To see this result use Itô's formula,
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Notice that the output growth rates per unit of time, g ∆ ≡ ln Y t − ln Y t−∆ , are obtained by simple integration of (18). Hence the jump term in (1) is independent of specific assumptions about functional forms for µ(·) and η(·) or the policy function C(K t , A t ). As shown below, the appropriate filtering of transitional dynamics does in fact depend on the models.
In this paper, the state variables are not directly observable, but linked to observables such as aggregate consumption and output. In order to use hypothesis (1) for output growth rates, which gives a closed-form expression for the probability density function, we choose appropriate functional forms for µ(·) and η(·) and employ two estimation strategies. Our first strategy exploits equilibrium conditions to filter model specific dynamics from observed output growth rates. 7 Then (1) is obtained exact by defining
The correct filter depends on the underlying model and works only for specific cases. Our second strategy neglects actual dynamics in output growth rates and exploits equilibrium moment conditions for the mean. In that case (1) is obtained approximate, Monte Carlo evidence suggesting that both strategies work in practice.
Thus the explicit solutions below are used (a) to provide proofs of existence and their necessary conditions, (b) to study the implications of specific functional forms, and (c) to obtain a representation as in (1) that accounts for model specific characteristics.
Discussion. The dynamics imply Merton's (1973) interest rate process in (25), allowing for jumps. An important caveat is that r t , in general, is not stationary, hence does not have a limiting distribution. It implies a parameter restriction such that E 0 (A t ) = 0 exists for large t and pins down the admissible parameter set to µ = (1 − e vs q − e −ν d (1 − q))λ, and the boundedness condition reduces to ρ > 0. This restriction can be tested empirically.
Estimation. Observe that our exact estimation strategy can be applied as follows. From (26) we use g e ∆ = g ∆ − g c ∆ to obtain filtered growth rates (19) . Because of E s (A t ) = A s is not unique ∀s, the approximate approach cannot be applied here.
Case 3.3 (stationary TFP) Suppose (10) is geometric-reverting, µ(A t ) = c 1 A t (c 2 − A t ), η(A t ) = ηA t , and let c 2 ≡ ρ + δ + µ/c 1 denote the non-stochastic steady state, dr t = c 1 r t (c 2 − r t )dt + ηr t dB t + (exp(J t ) − 1) r t− dN t , µ, η, c 1 , c 2 ∈ R + .
Employing the dynamics for stationary TFP in (18), and inserting C t = ρK t yields g ∆ = (1 − c 1 ) − (ρ + δ)∆ + Discussion. The dynamics imply Constantinides ' (1992) reverting interest rate process in (27) accounting for jumps. In that c 1 is the speed of reversion and c 2 is the non-stochastic steady state. Moreover, r t has a limiting distribution where E(r) = (c 1 c 2 − 1 2 η 2 + νλ)/c 1 , the boundedness condition is ρ > µ + (e vs q + e −ν d (1 − q) − 1)λ. Observe that for c 1 = 1 output growth rates do not exhibit patterns of autocorrelation, that means consumption dynamics exactly offsets the effects of reverting capital rewards (27).
Estimation. The exact approach uses g 
The stochastic neoclassical model
Specification. Suppose that production takes the form (Mirrlees 1974 , Merton 1975 )
which means that only physical capital can be accumulated, labor is productive, and let dA t = µA t dt + ηA t dB t + (exp(J t ) − 1) A t− dN t , µ, η ∈ R.
It seems reasonable to use standard (non-stationary) dynamics for the TFP process in (10), because for the neoclassical model A t is the only source of long-run economic growth. As an immediate result, the rental rate of capital, r t = Y K = αA t K α−1 t L, obeys
(αC t /K t + αδ + µα/(1 − α) − r t ) r t dt + ηr t dB t + (exp(J t ) − 1) r t− dN t ,
which depends on households optimal consumption decisions. Due to decreasing returns to scale, the rental rate of capital in itself is a reverting process (see also Merton 1975) . It is shown below that we obtain the same dynamics as in (27) for two cases.
Proposition 3.4 (linear-policy-function) Given any process in (10) that implies boundedness of life-time utility (12) for all admissible consumption paths, if the output elasticity of capital is the reciprocal of the EIS, then optimal consumption is linear in wealth.
10 α = σ ⇒ c t = φa t where φ ≡ (ρ + (1 − σ)δ)/σ
Use the policy function (32), C t = Lc t = φK t , and the resource constraint (11) to obtain the growth rate of aggregate consumption g c ∆ ≡ ln C t − ln C t−∆ = −(φ + δ)∆ + 1/α t t−∆ r s ds.
Employing the dynamics for standard TFP in (18), and inserting C t = φK t yields g ∆ = −α(φ + δ)∆ + 
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Discussion. It is notable that (32) endogenously implies Constantinides ' (1992) 
Discussion. Similar to the linear-policy function (32), the solution in (34) endogenously implies Constantinides ' (1992) reverting interest rate process in (31) accounting for jumps.
We obtain the speed of reversion c 1 ≡
1−α ασ
, the non-stochastic steady state c 2 ≡ ασδ + µ/c 1 , and the mean of the limiting distribution E(r) = (c 1 c 2 − 1 2 η 2 + νλ)/c 1 . Because consumption has the same dynamics as output, there is no way to filter output growth rates for model dynamics. It can be shown that ρ > (µ− 1 2 η 2 +νλ)(1−σ)/(1−α) is sufficient for boundedness.
Estimation. There is no way to employ the exact approach because the solution has the (counterfactual) implication that output and consumption growth rates are identical. The
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approximate approach employs g is obtained because by assumption growth is exogenous, i.e., the mean growth rate of some non-degenerated limiting distribution will not depend on household's behavior.
To summarize, we obtain two solutions to the neoclassical model and we can thus address the approximation error when using the approximate approach for plausible scenarios.
Monte Carlo evidence
A legitimate question is whether the estimation methods, usually applied for high frequency data, have relevance at the discrete observation frequencies of macro observables. As shown in Aït-Sahalia (2004) , increasing the frequency of observations reduces the Brownian noise holding the jump size constant (time-smoothing effect). In most applications, the higher is the observation frequency, the higher is the probability that a jump can be recognized as such from large realizations (Aït-Sahalia 2004, p.499) . Macroeconomists, however, can make use of monthly or quarterly data only. A simulation experiment estimating the parameters of a continuous-time process using discrete observations at these frequencies seems important.
Another issue is how much model specific dynamics complicate the estimation of deep structural parameters. We address this question by comparing results of both the exact and the approximative estimation strategy to obtain the size and effects of the approximation error for the neoclassical DSGE model. Note that for the exact approach (model I ) the choice of the model is irrelevant in the Monte Carlo experiments (all variables are observed), whereas for the approximate approach the crucial parameter is the speed of reversion of capital rewards. We use two scenarios, one has lower speed of reversion, c 1 = .5 (model II ), and the other has relatively high speed of reversion, c 1 = 3 (model IIa).
Starting with the stochastic AK model in (28), we simulate M = 5000 sample paths each of length N = 580 at frequency ∆ = 1/10. In the figures below we report the results for (ν s , ν d , λ, η, µ, q) = (.025, .02, .8, .02, .01, .5) , and set other parameters at realistic values 14
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(ρ, α, σ, δ) = (.03, .5, 1, .05) for comparability with the neoclassical model. The number of observations of each series and the parameters were chosen such that it roughly coincides with available (monthly) aggregate US data. Given realized stochastic processes we then obtain sample parameters (ν s , ν d , λ s , η s , µ s , q s ) for comparison with the estimates. Thereafter we study the implications of sampling at quarterly frequency, ∆ = 1/4, because often aggregate data is not available at the monthly basis.
The results are summarized in Table 4 and Figures 1 and 3. In our experiments, the likelihood-ratio test (8) rejects the null hypothesis of no jumps in 100% at the 1% significance level. For comparison, simulating from the model without jumps, the likelihood-ratio test rejects the null in only 2.4% at the 5% significance level. All parameter estimates remain in a small interval around the sample values despite the fact that the data are sampled at monthly frequency (∆ = 1/10). As one caveat, the arrival rate is on average estimated too high, 1/M iλ i = 0.8971 > 1/M i λ s i = .7905. This phenomenon can be attributed to the well known identification problem that may arise if the sample size is small or moderate (cf. Aït-Sahalia 2004) . From Figure 1 , the histogram of ML estimates is skewed right for the arrival rate,λ, and skewed left for the Brownian noise,η. Occasionally the jumps cannot be correctly disentangled from the Brownian noise. In such cases we obtain a too high estimate for the arrival rate, tiny jump-sizes, and the estimate of the Brownian noise is too small. Fortunately such problems of identification do not arise very often in practice. For illustration, considering the .95 quantile of the estimates forλ, this small sample bias and the dispersion ofλ is reduced substantially (cf. Table 5 ).
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Another way of accommodating the identification problem is by fixing jump-sizes to plausible values. Then, the problem of identification disappears and parameter estimates are unbiased for correct values ν s and ν d (cf. models Ia and IIb in Table 4 and Figure 4 ).
Hence, fixing the size of jumps, or equivalently, giving a priori information, does not only yield better finite sample properties of estimators in the sense of lower dispersion, but it also
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removes identification problems that arise due to small sample sizes.
Comparing the exact and the approximate estimation strategy, we find small effects of the approximation error on parameter estimates. As in Table 4 and Figures 2 and 3, the most sensitive measures to approximations and therefore to different speed of reversion are the dispersion of the estimates on the arrival rateλ and the drift parameterμ. Other estimates are virtually unaffected by the different values of the speed of reversion. It is interesting to note that for speed of reversion c 1 = .5 the approximate approach even slightly outperforms the exact approach (compare models I and II ). It seems that the approximation error partly counteracts the time-smoothing effect by 'adding' some persistence to the data. Thus we can safely conclude that the equilibrium dynamics of our models do not necessarily complicate the estimation of the structural parameters.
The results for ∆ = 1/4 are in Table 6 and Figures 5 and 6. The power of the test in (8) reduces to 76.1% at the 5% significance level, while in the model without jumps the null is (falsely) rejected in 4.5% at the same level of significance. As the histograms illustrate, the dispersion increases substantially and the time-smoothing effect becomes severe. It seems necessary to accommodate the identification problem by providing a priori information, e.g., fixing the jump-sizes (models Ia and IIb). Then parameter estimates remain in a reasonable interval around sample values given that the data is sampled at a quarterly basis.
Summarizing the Monte Carlo experiments, jumps in macro time series can be detected.
If the data were sampled at a monthly basis, the parameter estimates can simply be obtained by maximizing the likelihood function implied by our hypothesis (1). It even works for data at quarterly frequency when sufficient a priori information is provided. The general equilibrium dynamics do not severely complicate the estimation of deep parameters of interest.
Empirical results
This section reports empirical estimates of our DSGE models. We search for non-normalities in the form of jumps in aggregate US data from 1960:Q1 to 2008:Q4. Our sample length is 16 Notes: This table reports the ML estimates for the following model specifications and calibrations: using the exact approach, for the standard AK (model I, α = 1), the stationary AK (model Ia c 1 = .5 and Ib c 1 = .7) and the neoclassical model with a linear-policy function (model Ia α = .5 and Ib α = .3). Using the approximate approach, it reports the ML estimates for the stationary AK (model II, c 1 = .5) and the neoclassical model (model II α = .5), as well as for fixed jump-size (model IIa).
Standard errors and likelihood-ratio tests (8) are in parentheses (∆ = 1/4; N = 195).
limited by the availability of data on monthly consumption. We employ the monthly index of industrial production of major manufacturing industries (IP) from the Federal Reserve statistical release (G.17), and NIPA data on real gross domestic product and consumption expenditures from the Bureau of Economic Analysis (BEA), all seasonal adjusted. Table 1 reports the MLE for the 6 parameters of the model for quarterly real GDP. Their asymptotic standard errors and the likelihood-ratio test (8) are in parentheses. We obtain similar parameter estimates for different DSGE models. The exact approach gives estimates of the stochastic AK model with standard TFP (model I ), the stochastic AK model with stationary TFP for c 1 = .5 (model Ia) and c 1 = .7 (model Ib), the stochastic neoclassical model with a linear-policy function for α = .5 (model Ia) and α = .3 (model Ib). Similarly, the approximate approach gives the estimates of the stochastic AK model with stationary TFP for c 1 = .5, and the stochastic neoclassical model for α = .5 (both model II ). Different calibrations of c 1 or α only affect the MLE of the drift component µ (not shown).
As shown in the Monte Carlo experiments, with quarterly data it is difficult to disentangle
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the jumps from the diffusion. Though the arrival rate seems far too high, the null hypothesis of no jumps is rejected at the 5% significance level for all models (the critical value is 9.49).
To accommodate the identification problem (positive bias ofλ together with a negative bias ofν s and ν d ), we constrain jump-sizes at larger values (model IIa), which loosely speaking makes it less likely for an observation to be identified as a jump. It also accounts for the fact that negative jumps are more pronounced on average. Nonetheless the null hypothesis of no jumps is rejected at the 5% significance level (the critical values is 5.99).
Imposing the restriction ν s = .015 (or ν d = .02) means that the direct effect of one jump on annual output growth in (18) is an increase (or drop) by 1.5 (or 2) percentage points.
The MLE gives the arrivals of such rare events every 1/λ = 2.3 years, with probability of q = 53% being a positive jump. For the stochastic AK model with standard TFP, relatively more jumps are identified as being negative (model I ),q = 34.5%, with similar jump sizes.
In contrast, the other models imply a tendency towards positive jumps,q > 50%, and the jump-size is more pronounced for negative rare events. Table 2 shows the results for industrial production of major US manufacturing industries.
There are two main reasons for this approach. First, though industrial production contains intermediate production and thus contributes only minor parts to the total output, the index does play an important role in assessing the state of the economy. Second, the index is available at a monthly basis which makes it very attractive for estimating jumps. One caveat is that industrial production is more volatile than output at the quarterly basis, and could thus overemphasize the role of jumps in total output (cf . Tables 1 and 3 ).
For illustration, the MLE clearly suggest evidence of jumps in the data for the stochastic AK model with standard TFP (model I ). In words, the point estimates suggest that jumps in aggregate IP occur on average every 1/λ = 1.64 years. With probability ofq = 21% it is a positive jump equivalent to an annualized increase ofν s = 2.38 percentage points, whereas with probability of 79% it is a negative jump by 2.41 percentage points. Imposing the parameter restriction µ = (1 − e vs q − e −ν d (1 − q))λ yields point estimates for the jump Notes: This table reports the ML estimates for the following model specifications and calibrations: using the exact approach, for the standard AK (model I, α = 1), the stationary AK (model Ia c 1 = .5 and Ib c 1 = .7) and the neoclassical model with a linear-policy function (model Ia α = .5 and Ib α = .3). Using the approximate approach, it reports the ML estimates for the stationary AK (model II, c 1 = .5) and the neoclassical model (model II α = .5), as well as for fixed jump-size (model IIa). Standard errors and likelihood-ratio tests (8) are in parentheses (∆ = 1/12; N = 588; N = 586 for the exact approach). Notes: This table reports the ML estimates for the following model specifications and calibrations: using the exact approach, for the standard AK (model I, α = 1), the stationary AK (model Ia c 1 = .5 and Ib c 1 = .7) and the neoclassical model with a linear-policy function (model Ia α = .5 and Ib α = .3). Using the approximate approach, it reports the ML estimates for the stationary AK (model II, c 1 = .5) and the neoclassical model (model II α = .5), as well as for fixed jump-size (model IIa). Standard errors and likelihood-ratio tests (8) are in parentheses (∆ = 1/4; N = 196; N = 195 for the exact approach).
sizesν s = .0238 andν d = .0241, the arrival rateλ = .5923, the volatility estimateη = .0277, the implied drift componentμ = .0077, and the success probabilityq = .2254. Statistically, we cannot distinguish between both models at conventional significance levels. In other words, the stochastic AK model with standard TFP is not rejected by the data.
To sum up, we find strong evidence for non-normalities in the form of jumps in aggregate US series for real GDP and industrial production. From this point of view, we establish that jumps in macroeconomics are not only caused by 'low-probability disasters' such as armed conflicts or financial crises with calibrated arrival rate λ = .017 causing a decline in economic activity of ν d = .15 as in Barro (2006, p.831) . We find that jumps are a salient feature for our class of continuous-time DSGE models. Even after deflating the arrival rates of quarterly real GDP by a factor of 2.5 (which seems a conservative rule of thumb given the results for IP data), the estimated arrivals are roughly at business cycle frequency with jump-sizes only just higher than the standard deviation of the Normal innovations.
Conclusion
In this paper we formulate and solve continuous-time DSGE models where the economies can be non-normal and/or non-linear. For reasonable parametric restrictions we obtain explicit solutions. This feature allows us to derive the transition densities and thus the likelihood function in closed form, which then is evaluated for estimation. Hence the continuous-time formulation can make it simpler to compute and estimate the structural parameters.
In Monte Carlo experiments we show that the structural parameters of the DSGE models can be recovered for plausible values and observation frequencies of macro series. We propose two estimation strategies. First, we use an exact estimation approach exploiting equilibrium conditions to filter model specific dynamics from observed growth rates. Second, we propose an approximate strategy which uses equilibrium moment conditions neglecting model specific dynamics. Given our closed-form solutions we can address the effect of the approximation error on the parameter estimates. In our experiments, the exact method does not necessarily 20
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improve on the accuracy of estimates if the sample size is small or moderate.
In the empirical part of this paper we estimate our DSGE models using likelihood-based inference. We find strong evidence of non-normalities in the form of jumps in aggregate US data. Because of the availability of closed-form transition densities, standard likelihood-ratio tests are used to test for the presence of jumps. The null hypothesis of no jumps is rejected at conventional levels of significance for quarterly and monthly frequency of observation.
Estimated jumps are found to be much more frequent and smaller than usually calibrated in models of rare disasters (as in Barro 2006) .
There is a number of interesting and promising directions for future research projects.
From an empirical perspective, an extension of our setup to time-varying volatility could be very useful to account for other forms of non-normalities which have been found in the literature (Fernández-Villaverde and Rubio-Ramírez 2007, Justiniano and Primiceri 2008) .
From an econometric perspective, estimating continuous-time DSGE in macroeconomics without closed-form solutions remains a major challenge, which could be tackled, e.g., using
closed-form sequences of approximations to the transition density (Aït-Sahalia 2002) .
A Appendix
A.1 The Bellman equation
Following Bellman's idea, the optimal program (15) requires (Chang 1988 , Sennewald 2007 ρV (a 0 , A 0 ) = max
Because the stochastic processes B t , N t and J t are independent, Itô's formula yields dV = V a da t + V A (dA t − (exp(J t ) − 1) A t− dN t ) + 1 2 V AA η(A t ) 2 dt + (V (a t , A t ) − V (a t , A t− )) dN t = V a ((r t − δ)a t + w t − c t )dt + V A µ(A t )dt + V A η(A t )dB t + 1 2 V AA η(A t ) 2 dt + (V (a t , exp(J t )A t− ) − V (a t , A t− )) dN t ,
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where we used A t = exp(J t )A t− , that is the level immediately after a jump. By construction a t = a t− as for any continuous-state process. Apply now the operator E 0 (·) V AA η(A t ) 2 + (qV (a t , e νs A t ) + (1 − q)V (a t , e −ν d A t ) − V (a t , A t )) λ (37)
for any t ∈ [0, ∞), where we inserted E J (·) as the expectation operator with respect to J t , E J {V (a t , exp(J t )A t− )} ≡ qV (a t , e νs A t− ) + (1 − q)V (a t , e −ν d A t− ).
Because (37) is a necessary condition for optimality, we obtain the first-order condition.
A.2 Proof of Proposition 3.1
The idea of this proof is to show that with a candidate solution, both the maximized Bellman equation (17) , and the first-order condition (16) are fulfilled (Chang 1988 , Sennewald 2007 .
We start with an educated guess of the value function, and then derive conditions under which it actually is the unique solution to the control problem V (a t , A t ) = C 1 ln a t + f (A t ).
From the first-order condition (16), for the case of logarithmic utility (σ = 1), optimal consumption is a constant fraction of wealth, c −1
Now use the maximized Bellman equation (17), and insert the solution candidate ρV (a t , A t ) = ln c(a t ) + V a ((r t − δ)a t − c(a t )) + V A µA t + 1 2 V AA A 2 t η 2 + E J {f (A t ) − f (A t− )} λ ⇔ ρC 1 ln a t = ln a t − ln C 1 + C 1 a −1 t ((A t − δ)a t − C −1
+E J {f (A t ) − f (A t− )} λ.
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Choose ρf (A t ) = C 1 A t + f A µA t + 1 2 f AA A 2 t η 2 + E J {f (A t ) − f (A t− )}λ − ln C 1 − C 1 δ − 1, and the equation simplifies to ρC 1 ln a t = ln a t . This expression indeed is a solution for C 1 = 1/ρ.
Because the economy has L representative households, C t = Lc t = C −1
1 La t = ρK t .
A.3 Proof of Proposition 3.4
The idea of this proof follows Section A.2. An educated guess of the value function is
From (16), optimal consumption per effective worker is a constant fraction of wealth,
Now use the maximized Bellman equation (17), the property of the Cobb-Douglas technology, 
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A.4 Proof of Proposition 3.5
The idea of this proof follows Section A.2. An educated guess of the value function is V (a t , A t ) = C 1 a
From (16), optimal consumption per effective worker is a constant fraction of income,
Now use the maximized Bellman equation (17), the property of the Cobb-Douglas technology, σ(1 + σ)η(A t ) 2 /A 2 t − (1 − ασ)δ + (E J {exp(−σJ t )} − 1) λ.
The condition implicitly restricts µ(A t ) and σ(A t ) to the set of functions µ(A t )/A t − 1 2
(1 + σ)η(A t ) 2 /A 2 t ≡μ ∈ R.
For reasonable parametric calibrations equation (42) is satisfied. Though being a special case, a Keynesian consumption function could be an admissible policy function for the neoclassical model (cf. also Chang 1988). Its plausibility is an empirical question.
A.5 Boundedness of life-time utility in the neoclassical model
For our solutions the integral (12) has to exist. This section illustrates how to obtain the boundedness condition for Proposition 3.4. Other solutions follow a similar approach. Given the parameter restriction α = σ, equation (11) (1 − α)(δ + φ) + µ + λ(e vs q + e −ν d (1 − q) − 1) dt, which gives the boundedness condition ρ > µ + λ(e vs q + e −ν d (1 − q) − 1). By definition, this integral is V (a 0 , A 0 ) in (40), which implies f (A 0 ) where f A is a constant, and f AA = 0.
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A.6 Moments of capital rewards in the neoclassical model
In a seminal paper Merton (1975) shows that the output-to-capital ratio in the Solow model under Normal uncertainty has a Gamma distribution. Consider the output-to-capital ratio allowing for Poisson uncertainty. Suppose that r t has a limiting distribution, such that the sequence {r t } ∞ t=t 0 converges in distribution to a random variable r, r t → D r where 0 < r t < ∞.
In the paper we show that (31) for the standard TFP process (30) can be written as dr t = c 1 r t (c 2 − r t ) dt + ηr t dB t + (exp(J t ) − 1)r t− dN t .
Because the SDE is a reducible geometric reverting jump-diffusion process, it can be solved explicitly. Due to the non-linearity, obtaining the moments directly from the solution does not seem promising. We use the smooth transformation ln r t , ln r t → D ln r where − ∞ < ln r t < ∞
to obtain d ln r t = c 1 (c 2 − r t )dt − Notes: These figures report histograms of differences of ML estimates and sample parameters of M = 5000 Monte Carlo simulations for νs, ν d , λ, η, µ, and q (column by column, from top left to bottom right), for the approximative approach (20) (sample parameters and ML estimates are summarized in Table 4 , model II ). Notes: These figures report histograms of differences of ML estimates and sample parameters of M = 5000 Monte Carlo simulations for νs, ν d , λ, η, µ, and q (column by column, from top left to bottom right), for the approximative approach (20) (sample parameters and ML estimates are summarized in Table 4 , model IIa). Notes: These figures report histograms of differences of ML estimates and sample parameters of M = 5000 Monte Carlo simulations (fixed jump-size),νs,ν d , λ, η, µ, and q (column by column, from top left to bottom right), for the exact approach (19) (sample parameters and ML estimates are summarized in Table 4 , model Ia). Notes: These figures report histograms of differences of ML estimates and sample parameters of M = 5000 Monte Carlo simulations for νs, ν d , λ, η, µ, and q (column by column, from top left to bottom right), for the exact approach (19) (sample parameters and ML estimates are summarized in Table 6 , model I ). Notes: These figures report histograms of differences of ML estimates and sample parameters of M = 5000 Monte Carlo simulations (fixed jump-size),νs,ν d , λ, η, µ, and q (column by column, from top left to bottom right), for the exact approach (19) (sample parameters and ML estimates are summarized in Table 6 , model Ia). Notes: This table reports the averages of M = 5000 Monte Carlo simulations. It compares the mean of ML estimates to sample averages for the following model specifications: using the exact approach (model I ) and for fixed jump-size (model Ia); using the approximate approach for different levels of the speed of reversion (model II, c 1 = .5 and IIa, c 1 = 3) and for fixed jump-size (model IIb, c 1 = 3). Sampling distribution standard errors are in parentheses (∆ = 1/10; N = 580). Notes: This table reports the averages of the .95 quantile of M = 5000 Monte Carlo simulations ordered byλ. It compares averages of ML estimates for the following model specifications: using the exact approach (model I ); using the approximate approach for different levels of the speed of reversion (model II, c 1 = .5 and IIa, c 1 = 3). Sampling distribution standard errors are in parentheses (∆ = 1/10; N = 580). Notes: This table reports the averages of M = 5000 Monte Carlo simulations. It compares the mean of ML estimates to sample averages for the following model specifications: using the exact approach (model I ) and for fixed jump-size (model Ia); using the approximate approach for different levels of the speed of reversion (model II, c 1 = .5 and IIa, c 1 = 3) and for fixed jump-size (model IIb, c 1 = 3). Sampling distribution standard errors are in parentheses (∆ = 1/4; N = 232). Notes: This table reports the averages of the .95 quantile of M = 5000 Monte Carlo simulations ordered byλ. It compares averages of ML estimates for the following model specifications: using the exact approach (model I ); using the approximate approach for different levels of the speed of reversion (model II, c 1 = .5 and IIa, c 1 = 3). Sampling distribution standard errors are in parentheses (∆ = 1/4; N = 232).
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